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I. PHASE LAG ANALYSIS

Following [1], it is possible to define the cross-power
spectrum, Γ12(ν), of two input time series, T1 and T2,
as,

Γ12(ν) = F (T1) ∗ F (T2) , (1)

where F denotes the application of the Fast Fourier
Transform (FFT), while F indicates the complex con-
jugate of the resulting FFT. The resulting cross-power
spectrum is a complex array, containing components
linked to its co-spectrum, d(ν), and quadrature spec-
trum, c(ν) [2]. To calculate the phase lag between the
two input signals as a function of frequency, we follow
the work of Penn et al. [3],

φ(ν) = arctan

(〈
c(ν)

〉
〈
d(ν)

〉) . (2)

Here, the phase angle spans the interval
−180◦ ≤ φ(ν) ≤ +180◦ and is simply the phase of
the complex cross-spectrum [4].

II. CA II FORMATION HEIGHT

To estimate the formation heights associated with
the sampled wavelength positions, we compute line-
depression contribution functions (CF) by means of the
1D version of the RH code [7]. As such, the radia-
tive transfer and statistical equilibrium equations, in
non-LTE conditions, are solved in a 1D model atmo-
sphere, based on the Multi-level Accelerated Lambda It-
eration (MALI) scheme of [8, 9]. Hence, an emergent-
intensity Ca ii 854.2 nm spectral line is first perturbed
in a model atmosphere, from which the CFs are calcu-
lated. Consequently, the CFs, at each wavelength posi-
tion, are convolved with the transmission profile of the
IBIS Ca ii 854.2 nm narrowband filter [10].

Figure 1 summarises the results. The upper-left panel
illustrates the synthetic line (from the solar atlas) along
with the DST/IBIS transmission profiles (dashed lines)
and the convolved spectra (red solid lines) at the sam-
pled (observed) wavelength positions. An average IBIS
Ca ii 854.2 nm spectral line (averaged over a small IBIS
field of view) is shown on the upper-right panel, where
all sampled wavelength positions are also marked. The
six wavelength positions of interest for which the phase
lags were calculated in the main text (see Figure 2) are

additionally identified, for which the contribution func-
tions are plotted on the lower-left panel. The widths of
the CFs somewhat relate to the width of the transmission
profile, thus, there is a relatively wide range of heights
associated with each wavelength position. However, sta-
tistically speaking, they represent distinct mean heights
of formation, summarised on the lower-right panel.

For consistency with the earlier modelling in the
present work, we chose to carry out the CF computation
in the FALC model atmosphere [11, 12] which was recon-
structed to represent an averaged quiet-Sun. Although
the FALC model may not best describe the active re-
gion under study, we found that the differences between
FALC and, e.g., FALP (representing kG plage regions),
are not large, with differences on the order of 20-170 km,
on average, when computed at different wavelength po-
sitions. We emphasise that these initial estimates should
still serve as a good height approximation for the pur-
pose of the present study, even for comparing the phase
lags from the Stokes V signals (for which computation
of response functions to the magnetic field, though chal-
lenging, would provide a more accurate estimation).

III. ALFVÉN WAVE PROPAGATION MODELS

We model the Alfvén wave propagation by construct-
ing loops, straightened out, with a chromosphere [11]
added at each end. Loop parameters are chosen to give
resonant frequencies of 3.04 mHz for Box A and 0.102
Hz for the BDs. For Box A we also consider the first
and second harmonics at 5.55 and 8.28 mHz respectively.
These are not quite two and three times the fundamen-
tal frequency because higher frequency waves propagate
deeper into the chromosphere before reflecting back up-
wards again, i.e. higher frequency waves “see” a slightly
longer loop. The chromospheric magnetic field is taken
to be 1500 G, and the Alfvén wave transport is given by
the numerical solution to the equations

∂I±
∂t

+ (u∓ VA)
∂I±
∂z

= (u± VA)

(
I±

4HD
+

I∓
2HA

)
, (3)

where I± = δv ± δB/
√

4πρ are the Elsässer variables
representing waves propagating in the ∓ z-directions, and
HD and HA are the (signed) scale heights for density and
Alfvén speed. In terms of I± the velocity and magnetic
field perturbations are given by

δv =
I+ + I−
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FIG. 1. Ca ii 854.2 nm computed from the FALC model atmosphere. Top left: emergent-intensity spectra from the solar
atlas. The dashed lines are the transmission profile of the DST/IBIS Ca ii 854.2 nm filter, and the red solid curves are
filter-transmitted intensity spectra, at the observed wavelength positions. Top right: observed Ca ii 854.2 nm Stokes I profile
(averaged over a small IBIS field of view). All sampled wavelength positions, along with six points of interest, are marked.
Bottom left: contribution functions, computed with the RH code, for the convolved transmitted intensities for the six points
of interests (as also identified on both right panels; see the legend for the wavelength positions in pm from the Ca ii line
core). The first-moment height-of-formation averages are marked with the vertical dashed lines that are also summarised on
the bottom-right panel (also for the other observed wavelength positions).

δB√
4πρ

=
I+ − I−

2
. (4)

and the ponderomotive acceleration is

a =
c2

2

∂

∂z

(
δE2

B2

)
, (5)

where δE = δBVA/c is the Alfvén wave electric field.
The elemental fractionation fk = ρk (zu) /ρk (zl) of el-

ement k by the ponderomotive acceleration is given in
the simplest case by the equation [13]

fk = exp

{∫ zu

zl

2ξkaνkn/ [ξkνkn + (1− ξk) νki]

2kBT/mk + v2||,osc + 2u2k
dz

}
.

(6)
Here, ξk is the element ionization fraction and νki and
νkn are collision frequencies of ions and neutrals with the
background gas. In the denominator, kBT/mk

(
= v2z

)

represents the square of the element thermal velocity
along the z-direction, uk is the upward flow speed and
v||,osc is a longitudinal oscillatory speed, corresponding to
upward and downward propagating sound waves. These
sound waves include those of photospheric origin prop-
agating upwards, and those generated locally by the
Alfvén wave driver, and are usually the main term in
the denominator. Equation C4 is derived from the mo-
mentum equations for ions and neutrals in a background
of protons and neutral hydrogen. These are integrated
between upper and lower boundaries of the fractionation
region, zu and zl. Typically, zu is in the corona, where ev-
erything has become ionized, and zl is taken where the ra-
tio of gas and magnetic pressures β = 8πnkBT/B

2 = 1.2.
A rationale for this choice is given by [14], who argues
that photospheric hydrodynamic turbulence is too strong
to allow fractionation, while weaker MHD turbulence in
the chromosphere has little effect.
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